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We study the transport properties of a hybrid junction made of a ferromagnetic lead in electrical
connection with the helical edge modes of a two-dimensional topological insulator. In this system,
the time reversal symmetry, which characterizes the ballistic edge modes of the topological insula-
tor, is explicitly broken inside the ferromagnetic region. This conflict situation generates unusual
transport phenomena at the interface which are the manifestation of the interplay between the spin
polarization of the injected current and the spin-momentum locking mechanism operating inside the
topological insulator. We show that the spin polarized current originated in the ferromagnetic region
is asymmetrically divided in spatially separated branch currents sustained by edge channels with
different helicity inside the topological insulator. The above findings provide the working principle
of a topological current divider in which the relative intensity of the branch currents is determined
by the polarization of the incoming current. We discuss the relevance of this effect in spintronics
where, for instance, it offers an alternative way to measure the current polarization generated by a
ferromagnetic electrode.
PACS numbers:
I. INTRODUCTION
The search for new topological states of matter is
one of the most active field in physics1–7. The scientific
interest towards topological states is motivated by their
robustness against material defects and imperfections,
which is a desirable property for technological appli-
cations and fundamental studies. The robustness of
topological matter against perturbations originates from
the existence of boundary modes which are protected by
the symmetries of the bulk. These topological modes
can be described by using low-energy models in reduced
spatial dimension, the resulting theories being represen-
tative of the whole material. This intriguing situation
shares analogies with the holographic principle8 which is
a supposed property of quantum gravity inspired by the
black hole thermodynamics.
Topological superconductors9 and topological
insulators10 are important members of the topolog-
ical matter family. The research lines focused on these
states of matter are not completely independent since
topological superconductivity can be achieved, for
instance, by proximizing a topological insulator with a
conventional s-wave superconductor11.
Since the first theoretical proposal by Kitaev12, the
interest for topological superconductivity has been fu-
eled by the search for the Majorana’s quasiparticle13,14.
The latter has produced an intense theoretical15,16 and
experimental17–19 activity inspired by the possibility to
obtain useful information for the forthcoming quantum
computers20,21.
On the other hand, topological insulator state in two-
dimension has been first synthesized in mercury-telluride
quantum wells more than ten years ago22,23. Scientific
efforts in this direction lead to the theorization24 and
subsequent discovery25 of three-dimensional topologi-
cal insulators. Recently, the more exotic category of
high-order topological insulators26–29 hosting protected
surface, edge or corner states has been introduced.
Two-dimensional topological insulators are particularly
appealing for applications and fundamental studies30–41.
These systems present a bulk insulating phase accom-
panied by one dimensional conducting edge modes with
preserved helicity. These states are protected from
backscattering effects by the time reversal symmetry
and behave like ideal ballistic channels presenting the
spin-momentum locking effect, which is very appealing
in spintronics41–45. Moreover they are characterized by
a linear dispersion relation spanning an energy range
inside the bulk gap.
The size of the bulk gap is an important material
parameter. A large gap is a desirable property for device
applications since it ensures that the topological phase is
not contaminated by thermally excited non-topological
states. Recently, two-dimensional topological insulators
with bulk gap of 100 meV have been identified46. This
value, which is sensibly greater than the gap values
of the HgTe/CdTe and InAs/GaSb quantum wells, is
compatible with room temperature applications. These
recent developments suggest that a topological protected
room-temperature electronics could be soon achieved47.
In view of this revolution, new paradigms are needed to
fully exploit the potential of the topological phase.
In searching for new effects, an inspiring paradigm is
combining systems with heterogeneous characteristics.
In these heterostructures, the competition between dif-
ferent orders sometimes generates emerging properties.
Inspired by these arguments, in this work we study the
transport properties of an hybrid system obtained by
coupling the massive states of a ferromagnetic electrode
with the massless edge modes of a two-dimensional
topological insulator. In this system the time reversal
symmetry is explicitly broken inside the ferromagnet,
while it is preserved inside the topological insulator.
2Under this conflict condition, the system response is
strongly affected by the influence of magnetism on the
helical states48. In order to study the system response,
we build a low-energy formulation of the problem
allowing to study the transport properties of the het-
erojunction within the framework of the scattering field
theory a` la Bu¨ttiker49,50. We demonstrate that the
application of a voltage bias to the system induces an
asymmetric splitting of the polarized current coming
from the ferromagnet into two branch currents having
relative intensity controlled by the polarization of the
incoming current. We discuss the relevance of this effect
in spintronics along with the working principle of a
topological current divider. Implementation details re-
lated to the use of Stoner or spin bandwidth asymmetry
ferromagents are also commented.
The work is organized as follows. In Sec. II, we
introduce the problem and provide a low energy effective
model for the device. Boundary conditions imposed by
the modes hybridization are carefully discussed within
the framework of the matching matrix formalism. The
scattering matrix is also derived. In Sec. III, we present
the scattering field theory and derive the observables of
the system. Commented results are presented in Sec.
IV, while the conclusions are given in Sec. V. Details on
the scattering approach are reported in Appendix A and
B.
II. HAMILTONIAN MODEL
Let us consider the system depicted in Fig. 1 consist-
ing of a ferromagnetic electrode in electrical connection
with the edge states of a two-dimensional topological in-
sulator. In order to force the modes coupling between the
ferromagnetic and the topological region, a constriction
is formed by lateral etching of the topological insulator.
Adopting a one dimensional description, the Hamiltonian
model can be written in the form H = HTI +HF +Ht,
where HTI and HF represent, respectively, the topologi-
cal insulator and the ferromagnet Hamiltonian. The ad-
ditional term Ht represents the tunneling Hamiltonian,
which is left undetermined for the moment. The edge
modes of the topological region provide the relevant de-
grees of freedom contributing to the Hamiltonian and
accordingly we can write51:
HTI = −i~v
∑
σ
∫
dx
(
ψ†Rσ∂xψRσ − ψ†Lσ∂xψLσ
)
, (1)
where v is the propagation velocity of the edge modes,
σ ∈ {↑, ↓} represents the spin projection, while ψRσ
and ψLσ represent fermionic fields in second quantiza-
tion obeying anticommutation relations. The edge modes
with positive helicity (R ↑- and L ↓-states) are spatially
separated from the edge modes with negative helicity
(R ↓- and L ↑-states). On the other hand, the Hamil-
tonian of the ferromagnetic side of the junction is given
FIG. 1: Schematic of the topological current divider described
in the main text. A two-dimensional topological insulator
(TI) is laterally etched to form a constriction. A ferromag-
netic electrode (F ) is created in the constriction region where
massive electronic states belonging to the F region hybridize
with the massless helical modes of the topological insulator.
The application of a voltage bias to the system induces an
electrochemical potential gradient (µL 6= µR) responsible for
a current. The current coming from the ferromagnetic region
is splitted in two branch currents: The top current sustained
by edge modes with positive helicity (R ↑- and L ↓-states);
the bottom current sustained by edge modes with negative
helicity (R ↓- and L ↑-states). The top and bottom currents
have different intensity, this difference being controlled by the
current polarization instead of the electrical resistances of the
branches.
by
HF =
∑
σ
∫
dx
[
ψ†σ
(
− ~
2∂2x
2mσ
− σhex − EF
)
ψσ
]
, (2)
where have introduced the Fermi energy EF and the sec-
ond quantization fermionic fields ψσ which describe mas-
sive states with spin projection σ and effective mass mσ.
An exchange term −σhex is included in order to simulta-
neously account for Stoner and spin bandwidth asymme-
try ferromagnetism52,53. The quantum states of the topo-
logical and ferromagnetic side are hybridized when the
tunneling Hamiltonian is considered. The latter state-
ment can be easily verified by writing the Heisenberg
equations of the motion for the fermionic fields involved
in the problem. Accordingly, we obtain the following
equations:
i~∂tψRσ = [ψRσ, H ] = −i~v∂xψRσ + [ψRσ, Ht]
i~∂tψLσ = [ψLσ, H ] = i~v∂xψLσ + [ψLσ, Ht] (3)
i~∂tψσ = [ψσ, H ] =
(
− ~
2∂2x
2mσ
− σhex − EF
)
ψσ + [ψσ, Ht],
3where we have introduced the notation [ψ,H ] = ψH −
Hψ meaning the commutator of ψ with the Hamiltonian
H . Due to the lack of two-body interaction effects, Equa-
tions (3) present the same structure of the Schro¨dinger
problem in first quantization. The structure of the prob-
lem is completely determined once the coupling terms
[ψR/Lσ, Ht] and [ψσ, Ht] have been assigned by making
a specific choice for the tunneling Hamiltonian. Within
the framework of a continuous model, the aforementioned
coupling terms are sensibly different from zero only at the
interface point between the ferromagnetic and the topo-
logical region. In the following, without loss of generality,
we fix the interface position at x = 0. Due to the above
considerations, the coupling terms originated by the tun-
neling Hamiltonian can be arranged in the form of an
interface potential whose effects can be accounted by us-
ing appropriate boundary conditions at the interface.
We are interested in describing the transport properties
in linear response regime and thus it is convenient to re-
sort to a low-energy projection of the ferromagnet Hamil-
tonian. The projection provides an accurate description
of electronic states with energy eigenvalue close to the
Fermi level, i.e. the quantum states which are relevant
in defining the transport properties of the system. In the
ferromagnetic side of the system (x < 0) the Schro¨dinger
problem can be written in spinorial form as follows: −~2∂2x2m↑ − hex − EF 0
0 −~2∂2x2m↓ + hex − EF
ψ = i~∂tψ,(4)
where ψ = (ψ↑, ψ↓)t. Following the low-energy projec-
tion procedure described in Ref. [54], the wave function
in vicinity of the Fermi energy EF can be expanded by
introducing left and right movers representation. In this
way we can write:
ψσ = ψRσ(x)e
ikσ
F
x + ψLσ(x)e
−ikσ
F
x, (5)
where ~kσF =
√
2mσ(EF + σhex) are the spin-sensitive
Fermi momenta, while ψRσ(x) and ψLσ(x) are slowly
varying functions of the spatial coordinate x. Using
Eq. (5) in Eq. (4) and neglecting second derivatives
of ψL/Rσ(x) and rapidly oscillating terms, the initial
Schro¨dinger problem can be written in the form:[
D+ O2×2
O2×2 D−
]
Ψ = i~∂tΨ, (6)
where Ψ = (ψR↑, ψL↓, ψR↓, ψL↑)t, O2×2 represents a 2×2
matrix with vanishing elements, while
D± =
[ −i~v±F ∂x 0
0 i~v∓F ∂x
]
(7)
includes the kinetic energy of left and right movers writ-
ten in terms of the spin sensitive velocities vσF = ~k
σ
F /mσ.
Within the above representation, which is valid for x < 0,
the relevant information on the ferromagnetic state is
provided by the spin-dependent quantities vσF , which on
their turn depend on the position of the Fermi level.
Moreover, in the limit vσF → v, Eq. (6) takes the same
form of the Hamiltonian problem of the topological side
of the system (x > 0), i.e.[
D O2×2
O2×2 D
]
Ψ = i~∂tΨ, (8)
with D = −i~v∂xσz and σz the Pauli matrix. In this
way, both the sides of the junction can be described by
adopting the same spinorial representation. The relation
between the wave functions at the interface depends on
the tunneling Hamiltonian and can be described by us-
ing the matching matrix formalism. In particular, once
a tunneling Hamiltonian Ht has been specified, a match-
ing matrix M is identified. The wave functions in close
vicinity of the interface point x = 0 obey the relation:
Ψ(0+) =MΨ(0−), (9)
where Ψ(0+) and Ψ(0−) represent the wave functions be-
longing to the topological or ferromagnetic side, respec-
tively. In writing Eq. (9), the notation x±0 = x0 ± ǫ has
been introduced with ǫ a positive infinitesimal quantity.
So far we have identified a low-energy model which al-
lows the description of the whole system within the same
spinorial representation. In the derivation, we have only
invoked general properties of the tunneling Hamiltonian
Ht, with special emphasis on its local character. For pre-
sentation reasons, we postpone to the next Section the
discussion about the identification of the interface poten-
tial generated by Ht.
III. SCATTERING THEORY AND
OBSERVABLES
In the following, we provide a detailed description of
the scattering field theory. Boundary conditions for the
scattering problem along with a derivation of the M-
matrix are also discussed.
A. Scattering fields theory
Within the framework of the Bu¨ttiker approach, sec-
ond quantization scattering fields are introduced. These
fields are written in terms of translational invariant eigen-
modes of the local Hamiltonian describing each semi-
infinite electrode. This construction is quite general and
can be adapted to the present situation.
Following the above procedure, the scattering field de-
scribing elementary processes inside the ferromagnetic
lead can be written as follows:
ψˆF (x, t) =
∫
dE
(
φR↑(x, t)|1〉+ φL↓(x, t)|2〉+
+ φR↓(x, t)|3〉 + φL↑(x, t)|4〉
)
, (10)
4where the notation
φRσ(x, t) =
e−iEt/~√
2π~vσF
eik
σ
E
xaˆRσ(E) (11)
φLσ(x, t) =
e−iEt/~√
2π~vσF
e−ik
σ
E
xbˆLσ(E) (12)
kσE =
E
~vσF
> 0 (13)
has been introduced. Moreover, to implement a multi-
channel theory, the auxiliary quantities |1〉 = (1, 0, 0, 0)t,
|2〉 = (0, 1, 0, 0)t, |3〉 = (0, 0, 1, 0)t, |4〉 = (0, 0, 0, 1)t
have been defined. The scattering operators aˆRσ(E) and
bˆLσ(E) describe incoming and outgoing particles with
fixed energy and spin.
Similarly, in the topological side of the system, we obtain:
ψˆT (x, t) =
∫
dE
(
χR↑(x, t)|1〉+ χL↓(x, t)|2〉
)
ψˆB(x, t) =
∫
dE
(
χR↓(x, t)|3〉+ χL↑(x, t)|4〉
)
, (14)
where the notation
χRσ(x, t) =
e−iEt/~√
2π~v
eikExbˆRσ(E) (15)
χLσ(x, t) =
e−iEt/~√
2π~v
e−ikExaˆLσ(E) (16)
kE =
E
~v
> 0 (17)
has been introduced. In writing Eq. (14), we have
taken into account that states with positive helicity, rep-
resented by ψˆT (x, t), are spatially separated from states
with negative helicity, described by ψˆB(x, t).
Once the scattering fields are known, current density op-
erators (in units of the electron charge q = −e, e > 0)
can be written in the following form:
JˆcF =
∑
σ
∫
dEdE′
2π~
e−it(E
′−E)/~
×
[
aˆ†Rσ(E)aˆRσ(E
′)− bˆ†Lσ(E)bˆLσ(E′)
]
(18)
JˆcT =
∫
dEdE′
2π~
e−it(E
′−E)/~
×
[
bˆ†R↑(E)bˆR↑(E
′)− aˆ†L↓(E)aˆL↓(E′)
]
(19)
JˆcB =
∫
dEdE′
2π~
e−it(E
′−E)/~
×
[
bˆ†R↓(E)bˆR↓(E
′)− aˆ†L↑(E)aˆL↑(E′)
]
. (20)
Due to the spin imbalance in the ferromagnetic electrode,
a spin current described by the operator (in units of ~/2)
JˆsF =
∑
σ
σ
∫
dEdE′
2π~
e−it(E
′−E)/~
×
[
aˆ†Rσ(E)aˆRσ(E
′)− bˆ†Lσ(E)bˆLσ(E′)
]
(21)
is also generated when a voltage bias is applied to the
system. The observables of the theory are the quan-
tum statistical averages 〈JˆcF 〉, 〈JˆcT 〉, 〈JˆcB〉 and 〈JˆsF 〉, which
can be computed by explicitly using the scattering rela-
tion bˆj(E) =
∑
i Sji(E)aˆi(E) complemented by the elec-
trodes correlations 〈aˆ†j(E)aˆi(E′)〉 = δijδ(E − E′)fi(E).
In writing the correlation functions, the following short-
ened notation has been introduced: bˆ1 ≡ bˆL↑, bˆ2 ≡ bˆL↓,
bˆ3 ≡ bˆR↑, bˆ4 ≡ bˆR↓, aˆ1 ≡ aˆR↑, aˆ2 ≡ aˆR↓, aˆ3 ≡ aˆL↓,
aˆ4 ≡ aˆL↑ (see Fig. 2). Moreover, due to the system geom-
etry, the Fermi distributions of the electrodes are given
by f1(E) = f2(E) = fL(E) and f3(E) = f4(E) = fR(E).
Proceeding as detailed above, the charge currents ex-
FIG. 2: Schematic of the device effective model. Modes la-
beled by 1 and 2 belong to the ferromagnetic electrode and
represent the spin up and spin down channels, respectively.
Modes labeled by 3 and 4 belong to the topological insula-
tor and represent positive and negative helicity edge states,
respectively.
pectation values take the form:
JcF =
∑
j∈{1,2}
∫
dE
2π~
[
fj(E)−
∑
r
|Sjr(E)|2fr(E)
]
JcT =
∫
dE
2π~
[∑
r
|S3r(E)|2fr(E)− f3(E)
]
(22)
JcB =
∫
dE
2π~
[∑
r
|S4r(E)|2fr(E)− f4(E)
]
.
Due to the scattering matrix properties, in equilibrium
conditions (i.e., fi(E) = f(E), with i ∈ {1, ..., 4}) no
charge current can flow through the system and thus
JcF = J
c
T = J
c
B = 0. Moreover, being the scattering
matrix a unitary operator (S†S = SS† = I), current con-
servation in the form JcF = J
c
T +J
c
B can be easily proven.
Similar considerations lead to the expectation value of
the spin current operator, which can be written in the
5following form:
JsF =
∑
j∈{1,2}
σj
∫
dE
2π~
[
fj(E)−
∑
r
|Sjr(E)|2fr(E)
]
(23)
with σ1 = 1 and σ2 = −1. Charge and spin currents
depend on the scattering matrix elements. The scattering
matrix, on its turn, can be obtained from the M-matrix
as explained in Appendix A.
B. Boundary conditions of the scattering problem
and derivation of the M-matrix
The presence of a velocity gradient at the interface in-
duces non-trivial boundary conditions. The latter are the
manifestation of the charge current conservation which
provides a constraint for the matching matrix. We briefly
discuss this topic. The charge continuity equation al-
lows us to write the relations JcF = Ψ
†(0−)vˇLΨ(0−) and
JcT + J
c
B = Ψ
†(0+)vˇRΨ(0+) with JcF = J
c
T + J
c
B. Due to
the presence of a velocity gradient at the interface, the
first quantization velocity operator on the left side of the
junction is given by
vˇL =

v+F 0 0 0
0 −v−F 0 0
0 0 v−F 0
0 0 0 −v+F
 , (24)
while on the right side of the junction the analogous op-
erator takes the form:
vˇR =
 v 0 0 00 −v 0 00 0 v 0
0 0 0 −v
 . (25)
The current conservation and the matching condition ex-
pressed by Eq. (9) lead to the important relation
M†vˇRM = vˇL, (26)
which immediately implies that the simple boundary con-
dition Ψ(0+) = Ψ(0−) is not allowed in the presence of
a velocity gradient at the interface. Indeed, in the ab-
sence of interface potentials, we can look for a solution of
the matrix equation in Eq. (26) in the form of a diago-
nal matrix. Direct computation shows that the required
solution is given by:
M2 = diag
(√v+F
v
,
√
v−F
v
,
√
v−F
v
,
√
v+F
v
)
, (27)
which coincides with the identity matrix in the absence
of velocity gradient (i.e., for v±F → v).
We are now ready to treat the problem of the inter-
face potential generated by the tunneling Hamiltonian
FIG. 3: Interface model explained in the main text. An in-
terface potential proportional to the Dirac delta function is
introduced at x = 0, while a velocity gradient is present at
x = ǫ. When the limit ǫ → 0+ is considered, the matching
matrix of the resulting interfaceM = M2M1 is recognized.
Ht. Let us assume that the tunneling Hamiltonian gen-
erates an interface potential proportional to the Dirac
delta function δ(x) centered at the interface point. This
assumption, however, is problematic because the coexis-
tence of the Dirac delta potential with a velocity gradient
introduces analytic difficulties in the theory. The prob-
lem can be solved by introducing an infinitesimal shift
ǫ > 0 between the point at which the interface poten-
tial diverges and the one at which the velocity gradient
is present. In practice, we introduce an interface poten-
tial proportional to the Dirac delta function at x = 0,
while we set the point at which a velocity gradient is
present at x = ǫ, where the limit ǫ → 0+ is implied (see
Fig. 3). Once the diverging potential has been specified,
its matching matrix M1 can be computed. On the other
hand, the matching matrix at the velocity gradient inter-
face coincides with M2
55. Thus, the matching conditions
at the two distinct interfaces can be written as follows:
Ψ(0+) =M1Ψ(0
−)
Ψ(ǫ+) =M2Ψ(ǫ
−). (28)
In the limit ǫ → 0+, the approximate equality Ψ(ǫ−) ≈
Ψ(0+) becomes an exact relation and thus we get
Ψ(ǫ+) =M2M1Ψ(0
−). (29)
Thus, in the limit of coalescing interfaces the matching
matrix of the single-interface problem can be written in
the factorized form M = M2M1. The remaining part of
the present subsection is devoted to the identification of
M1.
Let us add to the ferromagnet Hamiltonian (Eq. (4))
the scattering potential Uˇδ(x) with Uˇ a generic 2 × 2
Hermitian operator. The Dirac delta potential implies
the usual boundary conditions for the wave functions of
the ferromagnetic region:
∂xψ(0
+)− ∂xψ(0−) = 2
~2
[
m↑ 0
0 m↓
]
Uˇψ(0+)
ψ(0+) = ψ(0−), (30)
6with ψ(0±) = (ψ↑(0±), ψ↓(0±))t. Starting from Eq.
(30) and using the low-energy mapping (Eq. (5)), the
boundary conditions in the right and left movers repre-
sentation can be obtained. In deriving the low-energy
boundary conditions, the approximation ∂xψσ(0
±) ≈
ikσF [ψRσ(0
±) − ψLσ(0±)] is required. Once the bound-
ary conditions have been obtained, the matching matrix
M1 can be easily recognized.
We now specialize our reasonings to the scattering po-
tential:
Uˇ = ~v
2
[
g0 −g1e−iθ
−g1eiθ g0
]
, (31)
where the dimensionless parameters g0 and g1 repre-
sent the spin-preserving and the spin-flipping scattering
strength, respectively. Spin-flipping scattering events are
activated by the interface magnetization which, in gen-
eral, may well differ from the bulk value. To mimic this
interface effect, we have introduced the θ parameter de-
scribing the orientation of the interface magnetization in
the x− y plane. With this choice, the required matching
matrix takes the following form:
M1 =
 1− iα iβ iβ −iα−iγ 1 + iδ iδ −iγiγ −iδ 1− iδ iγ
iα −iβ −iβ 1 + iα
 , (32)
where the dimensionless parameters α, β, γ, δ depend on
the microscopic details of the interface as specified below:
α = g0
v
2v+F
, β = g1
v
2v+F
e−iθ, γ = g1
v
2v−F
eiθ, δ = g0
v
2v−F
.
Once the matching matrices M1 and M2 are known, the
scattering matrix is derived by using the method reported
in Appendix A. The explicit expression of the S-matrix
is reported in Appendix B.
IV. RESULTS AND DISCUSSION
In order to discuss the outcome of the proposed theory,
we resort to a linear response formulation for the charge
and spin currents. In particular the charge currents can
be written (by restoring the charge prefactor) as follows:
JcF =
e2
2π~
∑
j∈{1,2}
[
|Sj3|2 + |Sj4|2
]
(VL − VR) (33)
JcT =
e2
2π~
[
|S31|2 + |S32|2
]
(VL − VR) (34)
JcB =
e2
2π~
[
|S41|2 + |S42|2
]
(VL − VR), (35)
where the scattering amplitudes are evaluated at the
Fermi energy, while the quantity VL − VR represents the
voltage bias applied to the device. A similar expression
can be obtained for the spin current in the ferromagnetic
electrode:
JsF =
q(VL − VR)
4π
∑
j∈{1,2}
σj
[
|Sj3|2 + |Sj4|2
]
, (36)
with σ1 = 1 and σ2 = −1. Instead of working with
the spin current JsF , a more useful concept in spintron-
ics is the notion of contact polarization Pc [56]. This
quantity, also known as current polarization, provides a
measure of the degree of spin polarization of a current
originated by a magnetic region. Contact polarization
is in general different from the bulk polarization P of
a magnetic material, which is determined by the spin-
dependent density of states. Despite this difference, the
contact polarization Pc represents the relevant quantity
in understanding spin-polarized transport phenomena in
nanostructured devices. Contact polarization is experi-
mentally accessible and can be studied within the scat-
tering theory. Using Eq. (33) and Eq. (36), Pc takes the
suggestive form:
Pc = − 2π
Φ0
JsF
JcF
=
∑
j∈{1,2} σj
[
|Sj3|2 + |Sj4|2
]
∑
j∈{1,2}
[
|Sj3|2 + |Sj4|2
] (37)
with Φ0 = h/2e the magnetic flux quantum. A close
look at contact polarization formula given in Eq. (37)
shows that this quantity is simultaneously affected by the
band structure of the ferromagnet and by the ferromag-
net/topological insulator interface. Naturally, Pc = 0
when a non-magnetic electrode is considered.
The electrical response of the device is completely char-
acterized by the following relations:
JcT =
(1 + Pc
2
)
JcF (38)
JcB =
(1− Pc
2
)
JcF (39)
which can be proven by using Eqs. (33)-(35) and ob-
serving that S31 = S14, S32 = S13, S41 = S24 and
S42 = S23 (see Appendix B). Equations (38)-(39) are
the main result of this work and constitute the working
principle of a topological current divider. In this device,
the polarized current JcF generated by the ferromagnetic
electrode is asymmetrically partitioned in spatially sep-
arated branch currents, namely JcT and J
c
B, sustained by
quantum states with opposite helicity. Differently from
a common current divider whose response is determined
by the electrical resistances of the branches, here the rel-
ative intensity of the currents in the topological side of
the system is controlled by the polarization degree of the
current entering the topological insulator. Along with
the interest in spintronics, the mentioned effect seems
to be promising in achieving an experimental estimation
of Pc starting from a direct measurement of J
c
T and J
c
B
according to the relation:
Pc =
JcT − JcB
JcT + J
c
B
. (40)
7The experimental effectiveness of this procedure can be
altered by the unintentional introduction during the fab-
rication process of a resistive asymmetry between the top
and bottom branches. This effect is typically due to the
contact resistance formed at the interface between the
topological insulator and the metallic electrodes. This
problem can be mitigated by an accurate device design
or by appropriate calibration of the device response.
Another important question to be answered is whether
the difference between JcT and J
c
B is sizeable and can be
easily measured when realistic Pc values are considered.
Certainly, a positive answer to this question depends on
the microscopic details of the ferromagnetic electrode and
on the characteristics of the ferromagnet/topological in-
sulator interface. For this reason, in the following, we
provide a careful discussion of this point. The contact
polarization can be analytically evaluated and takes the
following form:
Pc =
g20 [m− −m+ + (m− +m+)χ]
g20 [m− +m+ + (m− −m+)χ] + 2g21
√
m+m−(1− χ2) + 8η2(1 − χ2)
, (41)
where the dimensionless quantities m± = m↑,↓/m, χ =
hex/EF and η =
√
2EF /(mv2) have been introduced
along with the bare electron mass m. Equation (41)
shows that Pc → 0 when g0 → 0, the latter regime cor-
responding to a reflectionless contact between the ferro-
magnetic electrode and the topological insulator. Due to
orbital reconstruction phenomena at the interface, the re-
flectionless regime mentioned above is not expected to be
established in real devices and, for this reason, a correct
modeling of the interface requires g0 6= 0. In the more
realistic tunnel regime (g0 ≫ 1), Pc takes sizeable values
which are only affected by the microscopic details of the
ferromagnetic lead without any reference to the interface
properties. Under this regime, it is possible to demon-
strate that JcF ∝ (v+F )2 + (v−F )2 and JsF ∝ (v+F )2 − (v−F )2
so that
Pc ≈ (v
+
F )
2 − (v−F )2
(v+F )
2 + (v−F )2
≡ P ∗c , (42)
the latter being in qualitative agreement with Ref. [57].
It is interesting to compare the above result with the bulk
polarization P expected for a one-dimensional electrode.
The spin-dependent density of states in one dimension is
given by nσ ∝ 1/vσF so that
P =
n+ − n−
n+ + n−
=
v−F − v+F
v+F + v
−
F
=
= − (v
+
F )
2 − (v−F )2
(v+F )
2 + (v−F )2 + 2v
+
F v
−
F
. (43)
In view of the above results, we conclude that P is in gen-
eral different from P ∗c and, as also noticed in Ref. [58], a
measure of Pc cannot be directly used to extract informa-
tion about P . Despite this general statement, we do ob-
serve that when the velocity range v+F /v
−
F ∈ [0.65, 1.45] is
considered, i.e. for |P | ≤ 0.2, the expression P ≈ −P ∗c /2
is very well verified. Furthermore, considering the ex-
tended velocity range v+F /v
−
F ∈ [0.3, 3] (|P | ≤ 0.5), the
less accurate formula P ≈ −0.6P ∗c is found. Interest-
ingly, the sign of P does not coincide with that of P ∗c ,
the latter finding being consistent with Ref. [59].
Once a connection between P and P ∗c has been estab-
FIG. 4: Panel (a): Pc as a function of hex/EF obtained by
setting the model parameter as m± = 1, g0 = 2.5, g1 = 0.5,
η = 5 (dashed line) or η = 2 (full line). Panel (b): Pc as a
function of hex/EF obtained by setting m+ = 3 and m− = 1,
while taking the remaining parameters as in panel (a). Panel
(c): Densityplot of Pc as a function of hex/EF and m+. The
remaining model parameters have been fixed as m− = 1, g0 =
2.5, g1 = 0.5, η = 2.
8lished, we provide a numerical estimation of Pc based on
Equation (41). Before studying Pc, we have to define
the range of variability of the dimensionless parameter η
and its physical meaning. To this purpose, let us write
the parameter in the evocative form η = v∗/v with v∗ =√
2EF /m a characteristic velocity of magnitude compa-
rable to the Fermi velocity in a metal. Based on this
observation, v∗ ∼ (1 ÷ 2) · 106 m/s, while the typical ve-
locity associated to the edge modes of a two-dimensional
topological insulator is given by v ∼ (3.8 ÷ 5) · 105 m/s
[30]. From these estimates, we conclude that 2 . η . 5.
When the Fermi energy can be effectively tuned by using
an electrostatic back gate, the device working point can
be changed and this change is accounted by a different
value of η.
The general behavior of the contact polarization is re-
ported in Figure 4. In particular, in Figure 4 (a) the Pc
vs hex/EF curve of a Stoner ferromagnet (m± = 1) is
considered. The interface parameters have been fixed to
g0 = 2.5 and g1 = 0.5 which correspond to an almost
metallic contact with reflection probability ∼ 20 ÷ 30%.
The contact polarization curve is a growing function
of the exchange term hex/EF which presents a sensi-
tive dependence on the η parameter. For η = 2 and
hex/EF = 0.5, we obtain Pc ≈ 0.2 and consequently
JcT ≈ 1.5 JcB. The above observation shows that the pro-
posed device reacts to the injection of a moderate spin
polarized current with a sizeable difference between JcT
and JcB .
When a mass asymmetry between the charge carriers
with opposite spin projection is considered, the curves
shown in panel (a) of Figure 4 are deformed. This be-
havior is shown in Figure 4 (b) where the Pc vs hex/EF
curves are presented by setting m+ = 3 and m− = 1,
while taking the remaining parameters as in panel (a).
Let us consider the case hex/EF = 0 which is appro-
priate to describe a ferromagnetic state only induced by
a mass asymmetry. Under this circumstance, consider-
ing η = 2, we get Pc ≈ −0.3 which implies the relation
JcB ≈ 1.86 JcT .
The behavior of the contact polarization as a function
of hex/EF and m+ is presented in Figure 4 (c). Regions
with positive and negative Pc values are separated by the
curve [m−−m+ + (m− +m+)χ] = 0, while a prevalence
of negative Pc values is observed.
A relevant figure of merit of the topological current di-
vider is the current ratio JcT /J
c
B which is studied in Fig-
ure 5. In Figure 5 (a) the current ratio JcT /J
c
B as a func-
tion of hex/EF and m+ is studied. Direct inspection of
the figure, which is obtained within the metallic regime
of the junction, shows that relevant values of the current
asymmetry (i.e. JcT /J
c
B & 1.2) can be reached even when
moderate intensities (i.e. hex/EF & 0.4 with m± = 1)
of the exchange term are considered. The tunnel limit
is analyzed in Figure 5 (b). Tunneling limit is obtained
by setting the interface scattering strength to g0 = 9,
while maintaining the remaining parameters as fixed in
panel (a). In this way an opaque interface with reflection
FIG. 5: Panel (a): JcT /J
c
B as a function of hex/EF and m+
obtained by setting the model parameter asm− = 1, g0 = 2.5,
g1 = 0.5, η = 2 (metallic regime). Panel (b): J
c
T /J
c
B as a
function of hex/EF and m+ obtained by setting the model
parameter as m− = 1, g0 = 9, g1 = 0.5, η = 2 (tunneling
regime).
probability of ∼ 80% is obtained. The analysis of the
device response in tunneling regime evidences a relevant
enhancement of the current asymmetry. In particular,
when the parameters hex/EF ∼ 0.45 and m± = 1 are
considered, we get JcT /J
c
B ≈ 2.
The above reasonings, show that, even without consid-
ering half-metallic electrodes (P = 1), the proposed de-
vice is able to generate a relevant current asymmetry be-
tween JcT and J
c
B, which is a crucial requisite for the ex-
9perimental verification. The mentioned effect is present
both in tunneling and in metallic regime of the ferromag-
net/topological insulator interface and presents a depen-
dence on the microscopic details of the ferromagnet band
structure. The latter dependence can be exploited to in-
vestigate conventional or exotic ferromagnetic materials,
the former being described by the Stoner theory while,
the ferromagnetic state of the latter is triggered by a
spin-sensitive mass renormalization.
The proposed device can be realized by lateral etching
of a quantum spin Hall material and successive depo-
sition of a quasi-one-dimensional ferromagnetic lead to
form the geometry given in Figure 1. In principle, before
the deposition of the ferromagnetic electrode, an oxide
layer (e.g. aluminium oxide of nanometer thickness) can
be deposited to form a tunnel barrier between the ferro-
magnetic electrode and the topological insulator. In this
way, the ferromagnetism acts perturbatively on the topo-
logical side of the device allowing an equilibrate interplay
between competing states of matter. From the technolog-
ical side, the proposed device can be fabricated by adapt-
ing the experimental process described in Refs. [60, 61].
When the quantum spin Hall state is implemented by us-
ing HgTe quantum wells, well-established multiterminal
transport techniques are available at ultra-low tempera-
ture (∼ 30 mK) [62]. Under this condition, the device
operation in ballistic regime can be analyzed. In order
to guarantee ballistic transport, a source-drain distance
not-exceeding ∼ 1 µm is necessary. Compared to the in-
terferometric devices based on helical edge modes30, we
expect that the proposed device is much more robust
against coherence losses originated by inelastic scatter-
ing events. Indeed, the topological current divider works
because of the spin-momentum locking which is main-
tained as long as the system is described by the quantum
spin Hall state. This state of matter has been proven
to be robust against phonon-induced backscattering and
Coulomb interaction effects31. Robustness against large
magnetic fields has been also demonstrated63,64.
V. CONCLUSIONS
We have presented the minimal model of a ferro-
magnet/topological insulator device in ballistic regime.
In this device, the massive states of the ferromag-
netic electrode are hybridized with the helical modes
of a two-dimensional topological insulator presenting
the spin-momentum locking property. Resorting to a
one-dimensional effective model, we have analyzed the
the non-trivial boundary conditions at the ferromag-
net/topological insulator interface and we have studied
the device response by using the scattering field theory
a` la Bu¨ttiker. We have demonstrated that the polar-
ized current originated by the ferromagnetic electrode is
asymmetrically partitioned in two branch currents sus-
tained by quantum states with opposite helicity and be-
longing to the top and bottom edge of the topological
insulator. The spatial separation of the branch currents
allows direct measurement of the effect. The analytic
evaluation of the branch currents shows that they de-
pend on the current polarization in a simple form which
can be used to measure the polarizing effect of the ferro-
magnetic lead. With this purpose, we have studied the
contact polarization as a function of the details of the
band structure of the ferromagnetic electrode. The re-
sults of this analysis suggest that the presented method
could be a useful tool to measure the current polariza-
tion. When the main figure of merit of the device is an-
alyzed, namely the current ratio JcT /J
c
B, we have found
that both for metallic and tunneling contact the quantity
JcT /J
c
B is sensibly different from 1 as long as the contact
polarization is different from zero. The mentioned effect
represents the working principle of a topological current
divider which is of utmost interest in spintronics. Apart
from its intrinsic interest for spintronics, the mentioned
effect could be also important for the correct operation
of devices based on topological superconductivity and
Majorana fermions physics. A topological superconduc-
tor can be obtained by proximization of the edge states
of a two-dimensional topological insulator with a con-
ventional superconductor. In complex devices magnetic
electrodes can be also present. We argue that under this
condition the effect we are reporting can play some role
in affecting the device response.
Finally, we have presented a minimal model serving as
proof-of-principle for the operation of a topological cur-
rent divider. Material-dependent information and ab ini-
tio studies are required to get accurate estimates about
the mentioned effect and eventually extend the operation
conditions up to room temperature.
Appendix A: Derivation of the S-matrix from the
M-matrix
Let us assume that theM-matrix is known. The scat-
tering fields at fixed energy E in close vicinity of the
interface are related as specified in Eq. (9) of the main
text. Using the scattering fields definitions given in Eqs.
(11)-(12) and Eqs. (15)-(16), we can write:
Ψ(0+) =
 χR↑(0
+, t)
χL↓(0+, t)
χR↓(0+, t)
χL↑(0+, t)
 ∝ 1√
v

bˆ3(E)
aˆ3(E)
bˆ4(E)
aˆ4(E)
 (A1)
and
Ψ(0−) =
 φR↑(0
+, t)
φL↓(0+, t)
φR↓(0+, t)
φL↑(0+, t)
 ∝

aˆ1(E)√
v+
F
bˆ2(E)√
v−
F
aˆ2(E)√
v−
F
bˆ1(E)√
v+
F

. (A2)
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Substituting Eqs. (A1)-(A2) in Eq. (9) and disregarding
a common time-dependent prefactor, we get the following
relation: 
bˆ3(E)
aˆ3(E)
bˆ4(E)
aˆ4(E)
 = M˜

aˆ1(E)
bˆ2(E)
aˆ2(E)
bˆ1(E)
 , (A3)
which is written in terms of the matrix:
M˜ =M· diag
(√ v
v+F
,
√
v
v−F
,
√
v
v−F
,
√
v
v+F
)
. (A4)
Eq. (A3) can be recast in the form bˆj =
∑
i Sjiaˆi by
using the auxiliary matrices:
A =
 0 0 1 00 0 0 00 0 0 1
0 0 0 0
 ,B =
 0 0 0 00 1 0 00 0 0 0
1 0 0 0
 ,
C =
 1 0 0 00 0 0 00 1 0 0
0 0 0 0
 ,D =
 0 0 0 00 0 1 00 0 0 0
0 0 0 1
 .
This procedure leads to the following relation between
the S-matrix and the M-matrix:
S(E) = (A− M˜B)−1(M˜C − D). (A5)
Thus the S-matrix is determined once the M-matrix,
which specifies the ferromagnet-topological insulator cou-
pling, is known.
Appendix B: Expression of the S-matrix
The scattering matrix of the problem takes the following form:
S =

−g20+2iv↓g0+g21
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ie−iθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
2ie−iθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
−2ig0v↑−4v↓v↑
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ieiθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
−g20+2iv↑g0+g21
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
−2ig0v↓−4v↑v↓
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ieiθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
−2ig0v↑−4v↓v↑
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ie−iθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
2ie−iθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
−g20+2iv↓g0+g21
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ieiθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
−2ig0v↓−4v↑v↓
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
−g20+2iv↑g0+g21
g2
0
−2i(v↓+v↑)g0−g21−4v↓v↑
2ieiθg1
√
v↓v↑
−g2
0
+2i(v↓+v↑)g0+g21+4v↓v↑
 ,
where the notation v↑ = v+F /v and v↓ = v
−
F /v has been
introduced. Direct inspection of the S-matrix structure
evidences that spin-flipping scattering events are respon-
sible for the activation of intraedge backscattering phe-
nomena in the topological side of the junction. Due to
this, S33 and S44 are proportional to the spin flipping
scattering strength g1. These terms are vanishing quan-
tities in the presence of preserved helicity and time re-
versal symmetry. On the other hand, the coupling with
the ferromagnetic electrode also induces interedge scat-
tering events in the topological side of the junction. The
interedge coupling, related to S34 and S43, is affected by
the ferromagnetism but it is not canceled when a non-
magnetic electrode is considered.
The scattering matrix also depends on the phase factor
e±iθ which however plays no role in a single-interface de-
vice.
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